A quantitative theory of the plasma resonance in layered metals is presented. It is shown that electron-impurity scaterring can suppress the plasma resonance in the normal state and sharpen it in the supercondicting state.
1 Introduction.
The plasma resonance can be observed as a steep drop of the reflectivity when the frequency of an electromagnetic wave goes above the threshold plasma frequency ft The latter is determined in an isotropic plasma or a metal by the well-known equation: ç24 (1) where n is the density of the carriers (electrons), rn is their effective mass and E denotes high frequency dielectric constant due to the inner atomic shells.
If a metal can become superconducting, its London penetration depth A at zero temperature is related to the plasma frequency via a simple relationship: (2) 'To whom all correspondence should he addressed. 2Present address.
where c is the speed of light.
Experimental observation of the plasma resonance in conventional metals is difficult because the plasma frequency usually occurs in the far ultra-violet range, where ionization processes are substantial. The situation changes drastically for layered metals when the field polarization is perpendicular to the layers. (Further we use the frame of reference with the z-axis perpendicular to the layers and x -y plane parallel to the layers.) Indeed, one can apply naively eq. (1) with a large effective mass M corresponding to the tunneling motion across the layers. However, we show that the naive approach fails due to the openness of the Fermi-surface. The correct answer is at least rn/M times less (rn being a small mass for in-plane motion). Thus the plasma frequency I? for transverse polarization occurs in the far infra-red or even in the millimeter range, so the plasma resonance is in principle observable.
In a recent experiment by Tamasaku, Nakamura and Uchida [1] , the refiectivity from single crystals of La2_SrCtiO4 has been measured. For the incident radiation polarized perpendicular to the Cu02 planes, the plasma resonance has not been observed in the normal state, whereas in the superconducting state a rather sharp plasma resonance is observed.
The physical reason for this phenomenon can be readily understood. In the normal state a strong scattering of the electrons by impurities and phonons suppresses the plasma oscillations. However, in the superconducting state there exists a superfluid of Cooper pairs which are not scattered, and thus maintain the coherence of the plasma wave.
The purpose of this work is to present a simple quantitative treatment of the plasma resonance in the normal and the superconducting states of layered metals. We use a simplified model of a layered metal (see next section). However. our main conclusions are robust, and can be easily modified to include sophisticated models. We show that eq.(2) is valid for this special kind of plasma resonance if I and \ are replaced by 1l and ) respectively. The meaning of the value 11 has been explained earlier. We denote by the London penetration depth for the magnetic field parallel to the layers (along y-axis) and the surface perpendicular to the layers. An important condition necessary for eq.(2) to he valid is < 2A where is the energy gap in the superconducting state. We find a modified equation for ft when it is not small compared to A.
The idea of abnormal transparency of layered superconductors already has been proposed by T.Mishonov [2] . A similar approach was presented in the talk by M.Tachiki [3J at this Conference. Both authors treated the phenomenon of plasma resonance in layered superconductors by proposing a phenomenological expression for the dielectric permeability and then looking for its zeros. In the present work, we calculate the surface impedance using the methods of statistical mechanics. This allows us to clarify the role played by scattering, to get results valid over a wide range of parameters, and to find the conditions under which the plasma resonance can be observed.
To find the surface impedance in the normal state one can apply the kinetic equation. This approach is insufficient to treat the same problem in the superconducting state. Not only the quasi-particle occupation numbers, but also the Cooper pair wave function varies in the electromagnetic wave ( see [4] , [5] ), so that no local dynamics exists for superconductors. The field theoretical methods of statistical mechanics most naturally account for these variations and for the random fields of impurities.
2 The model.
Most layered conductors have a rather complicated crystal structure including, in particular, several conducting layers (Cu02) per elementary cell. These layers are usually coupled much more strongly than those belonging to different cells. In this article a simplified model with a single layer per elementary cell will be employed. To make the model even simpler, the electron dispersion relation is taken to be totally isotropic in the ab-plane. Although the spectrum the the real compound posseses only orthorhombic symmetry, the anisotropy in the ab-plane is not very pronounced. In other cases the symmetry may be tetragonal. That gives us hope that the isotropic model provides a reasonable approximation.
In our model the electrons are assumed to be scattered predominantly l)y the impurities. The collisions are assumed to be elastic, and since the overlappmg of the electronic wave functions even between the neighboring planes is small, only in-plane scattering is taken into account. In principle, two competing types of processes, that of in-plane and inter-plane scattering with different collision times T and 'r', respectively, should be considered independently. Note that the inter-plane collision time i' must be compared to the effective time of inter-plane quantum tunnel hopping suppressed by the in-plane scattering [7] . This time is equal to ('y2)1 where 'y is an inter-plane hopping amplitude. We assume the strong inequality 'r' >> (y2r)' to be valid, allowing us to disregard the inter-plane scattering.The assumption that fFT >> 1 (fF stands for the Fermi energy) is essential for our subsequent calculations. On the other hand, no specific assumptions are needed concerning the quantity 'yr. The role of inelastic processes and other more realistic modifications to the theory will be considered elsewhere.
To summarize, our model is that of non-interacting massive electrons propagating freely in the ab-plane and hopping to the neighboring planes. Their motion in the ideal crystal is governed by the following dispersion law (,pz) (3) where = (Px Py ) is an in-plane component of momentum and Pz 5 a quasimomentum component parallel to c-axis. The effective mass and the interlayer spacing are denoted by rn and d respectively. Finally is the hopping amplitude introduced earlier.
The following obvious relationship between the hopping amplitude 'y and the effective mass in c-direction M Md2 (4) will be employed later.
3 Reflectivity in the normal metal.
We now evaluate the reflectivity for the incident wave propagating along x-axis, the surface of the layered metal coinciding with the yz-plane, and electric field being normal to the layers, i.e. directed along z-axis (c-axis). The current J(w, k) induced by the electric field E(', k) in the skin layer is also directed along the z-axis:
where w and kr are the frequency and the wave number of the incident wave respectively. The conductivity a depends in general both on wave number and frequency
where n(°)(E) is the Fermi occupation number. Neglecting space dispersion ( i.e. kvF compared to w + i/'r ) one obtains a kind of Drude-Lorentz formula 3 
d2
a(w)=J (7) Hentheforth we will omit tensor and vector indices of the conductivity tensor electric field E, magnetic field B and wave vector and k used in the present work and denote them simply o, E, B and k respectively.
It follows from the Maxwell equations that
where B0() is the value of the magnetic field on the surface of the metal.
The frequency-and wave-vector-dependent impedance ( is:
where I denotes the high-frequency dielectric constant (a contribution due to the valence electrons and high-frequency optical modes), plasma frequency is defined as 
-2rr 3Let us note that T in the above expression is a true collision time in contrast with the formula for the homogeneous metals where it is substituted by a transport time. The reason for this difference is the cancellation of the "arrival" term in the collision integral due to the independence of the scattering amplitudes on p.
The integral may be expressed in terms of elementary functions, but we prefer to analyze several limiting cases. The impedance Z, in addition to being a function of w, depends on two additional parameters, /9 = vF/c and 1r.
Both of them are intrinsic characteristics of the metal. Although 3 is always small, Iy may vary in different compounds. We assume that it cannot be too large, obeying the following inequality
If (13) is satisfied, the spatial dispersion of the conductivity a may be neglected, as we have done already. In other words one can neglect (kvF/w)2 in comparison with 1012 in eq. (9 ) .
In the framework of the current approximation an elementary calculation of the integral in (12) yields:
Equation ( 14) describes in a compressed way all the limiting cases of physical interest. Ill the quasi-static limit w -÷ 0 one finds the expected result, Z(w) = where a = Y is the static conductivity in c direction.
The reflectivity is related to the impedance by the equation
Several typical plots of the reflectivity versus frequency are shown in Fig.  1 . The steep drop of reflectivity appearing in the vicinity of the plasma frequency when the dimensionless parameter 11r is small is usually followed by a more or less sharp minimum (a "beak"). The larger is the high-frequency dielectric constant E, the sharper is the beak . The distance of the beak from the plasma frequency is defined by the relation (16) 4We do not. consider e < 1 in the present paper. In that case the picture is more complicated.
When the impurity elastic scattering becomes significant, i.e. the parameter Iy is not small, the plot of the reflectivity becomes featureless.
Let us emphasize two peculiarities of the interaction between the electromagnetic field and layered metals. First the plasma frequency is surprisingly small. In fact, eq. (10) The second peculiarity concerns the absence of the so called anomalous skin-effect for z-polarized radiation. In this anomalous regime a leading role is played by a strong spatial dispersion. The latter might become essential once the mean free path of the electrons exceed the skin-layer depth. However, in this case the inequality < 1 would be violated, whereas it is definitely satisfied in the experiments with high-Ta superconductors.
To conclude of this section, it will he shown that all our results are robust with respect to the replacement of the quadratic dispersion (p) = p2/2m by some arbitrary anisotropic dispersion provided the Fermi line (in the ab-plane) is sufficiently smooth. Indeed, the essential relationship which allows to neglect spatial dispersion and makes the integration in (12) straightforward is the inequality kVFY < 1, which is equivalent to the condition (13). The result of the integration is basically the same as that for the quadratic dispersion, resulting only in a redefinition of the plasma frequency:
where N(E) is the density of states per unit volume.
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4 Field theory approach. General relationships.
For the reason given in the Introduction, we apply field theory methods to the calculation of the impedance of layered superconductors. If we set the gap in the spectrum, L\, to zero, we get the result for the normal state. This justification of the kinetic equation by more rigorous field theory methods is useful since the validity of the kinetic equation is not obvious when 'yr < 1.
The electromagnetic response tensor Q relates the average current J to the vector-potential A J(w,) = _Qa(,)A,) If elastic impurity scattering only is taken into account, the Matsubara Green function of currents in (20) may be expressed in terms of two-point electronic Green functions. We prefer to write down the corresponding relation in momentuni space rather than in the coordinate space; this will prove convenient for subsequent averaging over impurity configurations:
where /v = (2ii + 1)T, and /2, = +/2, P = P + ( -and the group velocity v(p) = -. Finally, the vertex F, defined as
V depends on the four momenta j. , • Let us emphasize that the electronic Green functions are the exact Green functions for the non-interacting electrons moving in the potential of some arbitrary but fixed impurity configuration, and obeying the well-known Dyson integral equation [6] . Averaging over the electronic Fermi distribution has already been performed in (22), hut averaging over the random ensemble of impurities is yet to he done using the standard diagrammatic technique [6] . After this second averaging, translational invariance is restored, and the averaged Green functions depend on two fewer variables:
The new Green functions were calculated by Klemm et al [8] , by a natural modification of the method of averaging originally proposed by Abrikosov and Gor'kov [6] for isotropic superconductors: The averaging of the vertex (23) normally involves a solution of the BetheSalpeter equation or, more accurately, a system of equations for different vertices. For the dynamic processes the number of components increases since the vertex depends on two independent frequencies and can be retarded or advanced with respect to each of them [9, 6] . Fortunately these difficulties can be avoided for the component of the response tensor. The calculations in this case are simplified due to the independence of the amplitudes of the electron scattering by the impurities on the z-component of the electronic momentum. In the framework of this approximation for the most of To obtain the Pippard kernel, one must perform the analytic continuation of the quantity F and then integrate it over . The details of this procedure will be published elsewhere. We now present our final results.
Plasma resonance in superconductor.
For the specific problem under consideration we neglect spatial dispersion, i.e. the dependence of Q on the wave-vector . In the superconducting 5This nullification corresponds to the vanishing of the "arrival" term in the collision integral of kinetic equation.
state the penetration depth does not increase to infinity at zero frequency due to the Meissner effect, but it still has its maximum at zero frequency. We have argued in Section 3 that it is much bigger than the mean free path at high frequencies. This condition is satisfied without doubt at low frequencies. The following calculations are similar to the treatment of the high-frequency response of superconductors by Bardeen and Mattis [10] and by Abrikosov, Cor'kov and Khalatnikov [11] . We modified the method of the latter authors to account for the layered structure and the impurity scattering.
In the foregoing formulae spatial dispersion is neglected in accordance with the previous discussion, thus leading, to considerable simplification. After the analytical continuation of the sum over ii, the integration over in eq. (28) is performed explicitly. We present the Pippard kernel Q as a pro duct.
= e2i2mdKR(WT)
The formulae for 7?c KR and Im JR are presented below:
where
The real part 1e K' tends to a finite real number 
The London penetration depth is connected to the value of the kernel
From eqs. (36) and (37) one finds the principal result (2), with substituting for c, and instead of \. It is interesting that the value 1o of 1 for T = 0 and L\'r >> 1 , derived from (33), is the same as in the normal metal (10) . When the temperature approaches the transition point, tends to zero in agreement with (37) and (33). Even at zero temperature, the plasma frequency in the superconductor is smaller by a factor /T than the normal plasma frequency (10) . if /T < 1.
Just as in the normal case, the distance of the beak from the plasma frequency is determined by the value of the high-frequency dielectric constant (see eq. (16)). The sharpness of the beak and the minimal value of the reflectivity depend on the value of the imaginary part of the Pippard kernel which is also responsible for the rounding of the step on the resonance curve.
The larger is the imaginary part, the smoother is the curve and the higher is the minimum. The asymptotic form of Irn K' for 1 < L in the vicinity of the resonance can be readily found from eq.(31).
R z\T)
ImR (w) = +2y2 Tcosh2 log (38) where : the smallest of the three values L, i,
The above expression is used to plot the frequency dependence of the reflectivity in Fig. 2 In particular, at low temperature the plasma frequency Iz can be comparable to 2& In this situation, equation (2) is not valid, and instead the equation for the plasma frequency reads:
In the experiment [1] the plasma frequency has been found to be only three times lower than the energy gap 2z. Therefore, the approximation used in eq. (2) is not very accurate. Instead, the equation (39) must be employed. 6 Conclusions.
We have shown that the plasma resonance can he suppressed in the normal state of a layered metal due to strong electron-impuritiy scattering, hut it is restored in the superconducting state because the superconducting part of the electron liquid is not subject to scattering. Moreover, the scattering of Fermi-excitations in the superconducting state sharpens the plasma resonance because it reduces the Landau attenuation by removing the Fermiexcitations from the coherent wave motion.
We have presented a quantitative description based on our simplified model. We expect that the refinement of the model which is necessary to make it more realistic would not change the results qualitatively. A more accurate treatment of the in-plane anisotropy probably will change the macroscopic constants, but since the expression for the impedance via the Pippard kernel cannot be changed (12, 9, 35) , the shape of the plasma resonance would probably be the same.
In a more ambitious treatment, one may have to analyze the scattering model. According to the experimental data [12] the resistance in the c-direction displays semi-conducting behavior rather than metallic behavior. Thus the description of interplane motion as hopping between planes instead of hopping between defects may be incorrect. We believe, however, that at high frequencies long-distance hopping is ineffective, whereas shortrange hopping is regulated by interplane tunneling. Nevertheless a detailed treatment of these problems is highly desirable.
Although the plasma resonance so far has been observed only in a layered superconductor, a future developments in single crystal preparation technology could drastically raise the probability of its observation in the normal state. Such single crystals could be utilized as 100% polarizers in the far infra-red region.
It would be very interesting to search for the plasma resonance in more pronounced layered superconductors, such as YBaCuO and especially in Tland Bi-based oxides, where the plasma resonanse could be observed in the microwave region. Of special interest would be epitaxially grown multilayers, in which the transition temperature and the energy gap are determined by the superconducting layers whereas the plasma frequency is determined by the square of the interplane tunneling amplitude. . 
